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Definition: The error on a given number is an estimate of the range within which

the actual value of that number should fall.

A given measurement and its error are represented by

Y £ ay
where Y = the number giving a measured or calculated value of some parameter
e.g. length of an object, current through a wire etc.
ay = the estimated error on y’s value df the parameter

Example

Consider the measurement of the thickness (call it t) of a sheet of metal using a ruler

tep1 = 6.5 £ 0.5 mm.

This means the true value of t probably lies within the range 6.0 mm (t,,,, - at) to

7.0 mm (t,,, + at). Statistically speaking 68% of the time the actual t value lies

somewhere within that range, 95% of the time within twice that range (t,,, £ 2at) and

99.7% of the time within triple the range (t,,, + 3at).

If one makes a more accurate measurement using a vernier caipers on this sheet the result

is t,,y = 6.43 £ .02mm. Thus, as expected, the more accurate estimate, t.,, y, of t’s true

value lies within the error range of t,,, .

Similarly using a micrometer yields t,;;; 6.416 £ .001 mm, within the error range of

both t,,;; and te; 13-

Note that an error is usually only expressed to one or two significant figures. Also the

number is dnly given to the same level of accuracy as the error i.e. if error is stated in

tenths of a mm (as in the first example) then the smallest unit used in the number should
be tenth of a mm. There are two ways of giving the error on a number:

» the absolute error where error itself has the same units as the number. This is the
type of error shown in the examples given so .far eg 6505 mm. It is
symbolized by y * ay;

» the relative error where the error is given as a fraction or percentage of the actual

number. Thus the error is unitless. These are calculated as follows:
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fractional error + i‘yl

percentage error é;”- x 100%

where y is number and ay its absolute error. e.g. The absolute error 6.5 £ 0.5 mm can

also be given as 6.5 mm + 8%. (Fractional errors are not usually used in an error

statement).

Propagation of Errors
Whenever measurements with errors are used within a calculation the final result of that

calculation will itself have an error range. In other words the errors on a number must

be propagated through any formula it is used within. The three rules for error

propagation follow.

1)

When adding or subtracting numbers add the absolute errors and thus produce
the absolute error of the result
e.g. ifz=y + x where y = y,,, * ay X = Xgp T AX
then Z = (Yegp + Xexp) T 4Z
AZ = AX + Ay
Similarly if A =y - x
then A = (Y., - Xerp) T 2A
aA = Ay + ax
This is called worst case error analysis. That is, one takes the largest possible
error which would occur if the true y and x value lie at the extremes of the error
rahges, e.g. lety =6.5 £ 0.5 mm and x = 2.0 £ 0.1 mm then for one extreme
of A let y actually = y,,, - ay = 6.0 mm and x actually = x,,, + ax = 2.1 mm
Then the lower extreme value of A is
Asovee = (Yerp - 8Y) - (Xegp + 4X)
=6.0-21=39mm
Similarly for the upper extreme

A\rppr.r = (Yexp + Ay) - (xexp - &X)
=(65+05)-20-0.1)=51mm
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A itself is = Y, = Xpp = 6.5 - 2.0 = 45 mm
Then + aA = A, - A =5.1-45 = +.06 mm
-aA=A ., -A=39-45=-0.6 mm
Thus A - 4.5 £ 0.6 (this yields the proper range of 3.9 to 5.1).
In an actual calculation all that is shown is
A=Y, - X,,=65-20=45mm
AA = ay +ax =05 + 0.1 = 0.6 mm
A=4510.6mm |
Similarly Z = y,,, + X, = 6.5 + 2.0 = 8.5 mm
AZ = ay + ax = 0.5+ 0.1 =0.6 mm
Z=85%0.6 mm
e.g. A sheet of metal is coated on one side with a film 0.135 £ .005 mm thick.
If the total thickness of the film plus metal is 7.01 + .01 mm thick, what is the
thickness of the metal itself?
Answer:
let F = the film thickness
M = the metal thickness
T = the total thickness
Then M=T-F=7.010-0.135 = 6.875 mm
aM = aT + aF = 0.01 + 0.005 = 0.015 mm
Thus M = 6.88 £ 0.02 mm
Note the round off in the final result to bring all portions to the same accuracy.
However, if M is used in other calculations use the unrounded values in thos
combinations and round the final results. |
When multiplying or dividing add the relative errors and thus produce the
relative error of the result
e.g. let B=yx | Y = Yexp T AY
X = X T AX

then B = Yep « Xexp £ 4B
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. AB 8y A%
The fractionalerror g = 3+ &
ep =p

One could obtain a similar result if percentage errors are used i.e.

AB
3 x100%=§1x100%+;‘—’-x100%
«p

op
e.g letD=

then D = iﬂ- + AD

P

The fraction error is % . =
p =0H
A similar result is obtained with percentage €Irors.
This rule produces the worst case as in part I
c.g Find the volume of a slab where
width W =541 0.5 cm
height H = 0.23 £ 0.01 mm
length L = 153 £ 0.5 cm
Answer:
Restating H = 0.23 £ 0.01 mm
= 0.023 £ 0.001 cm
then the volume V = W.H.L.

= (5.4)(0.023)(15.3)
= 1.900 cm®
AV AW AH AL
A= G Tt 2
B jos 1y guoig i 01
e & 0.23 15.3



= 0.093 + 0.043 + 0.033

=(0.169
or ‘-‘l-,‘f x 100% = 16.9%

V =190 cm + 17%
=190 0.31 cm
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=19103cm
(note the round off of the result again).
e.g. A carcoversadistance D = 28.4 + 0.01 min a time t = 1.1 + 0.1 sec.
Find the car’s speed.

Answer: the speed S = %

= 0.00035 + 0.091
= 0.091

) . AS
the relative error is -S,—

Thus the speed is S =25.8 m + 9%

x 100% = 9.1%

= 25.8 £ 2.4 m/sec

=26 + 2 m/sec

Note that the error in this case is totally dominated by the error on the time.

Thus one could improve the experiment simply by improving the timing

accuracy.
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Errors of a general function:

Let G = f(x) with X = X, £ AX
where f(x) is any arbitrary function

dfix)| ax
th G= =2 _
€n A I =x

Thus the error on G is approximately equal to the derivative of f(x) with respect
to x, (evaluated at x = Xexp) times the error on X.
e.g. let j=x" x=50£02m

xlO
= exp

=977 x 10° m"

dxlol AX

=

= (10x°,;p)ax
= 10(5°) 0.2
= 2(1.95 x 10°)
=3.9x 10° m"
Note: this is the same result as could be obtained by using rule IL J is
produced by multiplying x by itself 10 times. '
Thus if x=50+£02m=50m 4%
J=9.8 x 10° £ (10 x 4%)
=9.8 x 10° £ 40%
= (9.8 + 3.9) x 10°
This derivative rule can be used to produce either rule I or rule II. However it
is usually easier to apply those rules than to employ this general purpose one for
simple equations.
This general rule is actually an approximation to the true error given by
G = f(x)

+ aG = f(Xepp + ax) - f(Xexp)
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- AG = f(Xyp - AX) = f(Xexp)-
The derivative procedure will yield about the same value of AG as this exact
formula if the relative error on x is small (ax< 15%). It is also a much easier
rule to use when a number of x,,, are to be evaluated.
For the trigometric functions there is one small trick that must be used whem
employing the derivative method. Due to the nature of these functions the error,

ax, must be converted to radians, no matter what units x.,, is expressed in

e.g. Let K= cos x x=30"%1°
= cos 30°
= (0.866
_dcosx, ax
oy dx lx=30°
= (-sin X) ax
: ) (ax)m
Converting ax to radians ax =
180
= 0.0175

Also, since the error, ax, has both positive and negative values thus the negative
sign of the derivative may be eliminated.

Since aK = (sin 30°) (0.0175)

= (0.500) (0.0.175)

| = 0.0087

then K = 0.866 + 0.009.
Note that the radian conversion of ax produces a dimensionless quantity for aK,
to match the dimensionless value cos (x) yields for K (radians have not units

whereas an angle in degrees has the unit of degrees).

Finally when the function involves several numbers with error, this rule can be

extended as follows:
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e.g. If Z - f(x,y) X = X T X Y = Yexp T &Y
then aZ = % AX + % ay.

Here aZ is obtained from the total derivative of f(x,y).
e.g. Consider again the volume problem given in rule II. Then using the
derivative rule

V=WHL

= 1.900 cm® as before

av av dav
AV = v AW + ai aH + dL Al
= HLAW + WLaH + WHaAL

Since W=54%£05cm
H =0.023 £ 0.001 cm
- L=1531£05cm
then AV = (0.023)(15.3)(0.5)
+ (5.4)(15.3)(0.001)
+ (5.3)(0.023)(0.5)
=0.176 + 0.083 + 0.062
=0.321 cm®
Thus V = 1.9 £ 0.3 cm’ as was obtained before.

Some Helpful Hints

(a)

When trying to determine if two numbers are the same, subtract their values and
compare the resulting difference to the expected error range.

e.g. If the measured period, P, of a pendulum is 6.01 + .01 sec and the
theoretically calculated value is 5.99 + 0.02 sec, does the theory agree with the
given data?

The difference D = Pyeory = Pexp
=5.99 - 6.01
= 0.02 sec.
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AD = APy, + AP,
=0.02 + 0.01
=0.03 sec
D =-0.02 £ 0.03 sec.
Since this difference is less than the error then the theoretical and experimental

periods are said to agree within the experimental error.

When multiplying or dividing any measurement by a pure number (i.e. one
without an error) the error is obtained by performing the same operation upon
the measurement’s €ITor.
e.g. 20 oscillations of a pendulum occur in 40.7 + 0.2 sec. What is the period
of the pendulum?

Let the time 5 = 40.7 £ 0.2 sec

the number of cycles C = 20

t
Then the period P= —

c
_ w7, 02
20 20
= 2.04 + 0.01 sec.

Using Rule II, since C has no error, then the relative error must be the
same for both the time t and the period P. Thus to maintain this
relative error identical operations (in this case a division by C) must
be performed on both t.., and at. Note that this may be used as a
technique to reduce the error on the period. In the above problem the
absolute error on the time value is often independent of the length of
time measured. Thus if only oné oscillation was taken with
t = 2.1 + .2 sec = the period, then the absolute error is 20 times that

obtained in the above calculation, where many periods are measured.



