Traffic Modeling Based on FARIMA Models

Fei Xue, Jiakun Liu, Yantai Shu, Lianfang Zhang Tianjin University, Tianjin 300072, China Tel.: +86-22-27404394, Fax: +86-22-27404544 ytshu@tju.edu.cn

Oliver W.W. Yang School of Information Technology and Engineering, University of Ottawa, Ottawa, Ontario Canada, K1N 6N5 Tel.: (613) 562-5800 ext 6210, Fax: (613) 562-5175 yang@site.uottawa.ca

Abstract We provide in this paper a procedure to fit a FARIMA(p,d,q) (fractional autoregressive integrated moving average) model to the actual traffic trace, as well as a method to generate a FARIMA process with given parameters. We showed how to model traffic by fitting FARIMA models to four measured traces. Our experiments illustrated that FARIMA model is a good traffic model and is capable of capturing the property of real traffic with long-range and short-range dependent behavior. Unlike previous work on FARIMA models, we deduce some guidelines to reduce the complexity of fitting the FARIMA model which would allow us to reduce the computational time of fitting.

Key words: FARIMA, long-range dependence, traffic modeling, self-similarity.

1. INTRODUCTION

Time series modeling holds a great promise as a tool for studying network traffic. However, traditional models can only capture short-range dependence; for examples, Poisson process, Markov processes, AR, MA, ARMA and ARIMA processes [1].

The studies of high quality traffic measurements have revealed that traffic in high-speed networks exhibits selfsimilarity, i.e. long-range dependence [2] that can’t be captured by previous models. Hence, self-similar models, such as FGN (fractional Gaussian noise) model [3] and FDN (fractional differencing noise) model [4] have been developed. Unfortunately, these models can’t be used to describe the short-range dependence. Recent real traffic measurements found the co-existence of both long-range and short-range dependence in traffic traces [5]. Therefore, models are required to describe both longrange and short-range dependence simultaneously. We consider FARIMA(p,d,q) (fractional autoregressive integrated moving average) model as one of good models with this capability.

This paper studied the FARIMA models in its implementation detail. We provide a procedure to fit a FARIMA model to the actual traffic trace, as well as a method to generate a FARIMA process with given parameters. We use the techniques of backwardprediction, fractal de-filter (fractional differencing), and a combination of rough estimation and accurate estimation to provide guidelines for simplifying the FARIMA model fitting procedure, in order for us to reduce the time of traffic modeling.

This paper is organized as follows. Section 2 summarizes the basics mathematics of the FARIMA models. Section 3 provides the method to generate a FARIMA(p,d,q) process. Section 4 shows how to build a FARIMA(p,d,q) model to describe a traffic trace. Section 5 studies the feasibility of FARIMA(p,d,q) models. Section 6 is the concluding remarks.

2. THE MODEL

FARIMA processes are the natural generalizations of standard ARIMA (p,d,q) processes defined in [1] when the degree of differencing d is allowed to take nonintegeral values [4]. A FARIMA(p,d,q) process {X_t: t=� ,-1, 0, 1,...} is defined to be ,)( )(_t t d aB X B Θ= Δ Φ (2-1)

where {a_t} is a white noise and d ∈ (-0.5, 0.5), , 1 )(^2_2 1 p p B B B B ϕ ϕ ϕ −− − −= Φ L , 1 )(^2_2 1 q qB B B B θ θ θ −− − − = Θ L Θ(B), Φ (B) have no common zeroes, and also no zeroes

in |B|≤1 while p and q are non-negative integers. B is the backward-shift operator, i.e. BX^t = X^{t-1.} Δ = (1-B) is the differencing operator and Δ_d denotes the fractional differencing operator, ,) ( ) 1( 0∑_∞^=_− = − = Δ k k d d Bkd

B (2-2) +−Γ+Γ + Γ= )],1 ()1 (/[)1

( kd k d k d Γ denotes the Gamma function.

Clearly, if d = 0, FARIMA(p,d,q) processes are the usual ARMA(p,q) processes. If d ∈ (0, 0.5), then longrange dependence or persistence occurs in the FARIMA processes. FARIMA(0,d,0) process, i.e. FDN, is the simplest and most fundamental form of the FARIMA processes. The property of FARIMA(0,d,0) process is similar to FGN process which can only describe longrange dependence. The parameter d in FARIMA(0,d,0) process is the indicator for the strength of long-range dependence, just like the Hurst parameter H in FGN process. In fact, H = d + 0.5. Both processes have autocorrelation functions which behave asymptotically as k_{2d-1} with different constants of proportionality [2].

For d ∈ (0, 0.5), p ≠ 0 and q ≠ 0, a FARIMA(p,d,q) process can be regarded as an ARMA(p,q) process driven by FDN. From (2-1), we obtain

,)()(_1^t t YB B X Θ Φ=_− (2-3) where

.^t_d t a Y_−Δ= (2-4)

Here, Y^t is a FDN. Consequently, compared with ARMA and FGN processes, the FARIMA(p,d,q) processes are flexible and parsimonious [6] with regard to the simultaneous modeling of the long-range and short-range dependent behavior of a time series.

3. METHOD TO GENERATE A FARIMA(p,d,q)

PROCESS

From (2-3) and (2-4), one sees that the

FARIMA(p,d,q) process X^t can be regarded as an

ARMA(p,q) process driven by a FDN Y^t. So, we propose a two-step procedure to generate a FARIMA(p,d,q) process as follows:

Step1: Generating a FDN Y^t using (2-4).

Step2: Generating a FARIMA(p,d,q) process X^t using (2- 3). In step 1, note that according to the definition of fractional differencing operator (2-2) and the equation (2-

4), a FDN process can be obtained for a given parameter

d. Here, we make an important assumption that all the X^t values are equal to zero for negative time index. Under this assumption, we can get a finite time series defined by , 0 n k n n k k n a X X + =^− =∑_π^{(3-1)}

where

.,,3,2 , 1 , ,1^1 1 0 ∞= −− = = =^− Kk k d k d^k k π π π π We call this method the direct definition method.

Another way of generating a FARIMA(0,d,0) process was introduced by Hosking [4]. The basic equations for the Hosking’s algorithm are as follows. The process X^t has

Guassian margins with zero mean and variance v^0 and fractional differencing parameter d = H - 1/2. The autocorrelation function has an asymptotically hyperbolic shape, and is determined from d as

.)()2)(1( ) 1 ( ) 1( d k d d d k d d k − − − + − + = L L ρ X^0 is chosen from the Normal distribution N(0,v^0). Set

N^0 = 0 and D^0 = 1. Then generate n points by iterating the following steps for k = 1, ..., n: , 1

1 ,1 jk k j j k k kN^− −

= −∑_{−= ρϕ} ρ

,/_1 2 1 1 − − − − =^k k k k D N D D ,/_{kk}

kk D N= ϕ ,1,...,1,_{,1} ,1 − = − =^{−−} − k j^{jkkkk} j k kj ϕϕ ϕ ϕ

, 1∑^= − = k j j k kj k X m ϕ

.) 1(^1 2 − − =^{kkk} k v v ϕ Choose each X^k from N(m^k,v^k).

In step2, we use the known ARMA process generating method to generate the FARIMA(p,d,q) process X^t by replacing a^t (white noise) with Y^t (FDN).

3.1 Verification Experiments

Since the generation of a fractionally differenced noise FARIMA(0,d,0) process is the key step, we did the following experiments to verify it. We used the above two ways (the direct definition method and the Hosking�s algorithm) to generate FARIMA(0,d,0) processes for five parameters (d = 0.1, 0.2, 0.3, 0.4, 0.45). For each

generated process, we got 20,000 samples. Then, we estimated the Hurst parameter H ( d = H - 0.5) using periodogram-based analysis for each generated process. Table 1 shows that the results of two generating ways are very close. The accuracy of estimated parameter d of generated processes with respect to the objective (given) parameter d is +5 to +15 %. So both of the above two ways are good for generating FARIMA(0,d,0) processes.

4. CONSTRUCTING A FARIMA(p,d,q) MODEL TO

FIT AN ACTUAL TRACE

In order to build an appropriate model for a given traffic trace, the following three basic steps can be used iteratively until a successful model is obtained:

1). Model identification:

In this step, one wants to determine the likely values of the order of the model, i.e., the p, d and q parameters of the FARIMA model. Normally, there will be several plausible models to be examined. The order to determine the likely values of the parameters is:

- d, the level of differencing,

- p, the autoregression, and finally

- q, the moving average.

2). Parameter estimation:

Once a set of possible models has been selected, parameter values are determined for each model.

3). Diagnostic checking:

This involves checking how well the fitted model conforms to the trace, and it also suggests how the model should be changed when a good-fit is not obtained.

The problem remains open on how to fit an appropriate FARIMA model to the given trace, and this topic is also being studied in statistics field because it is more difficult to fit a FARIMA model than an ARMA model. As discussed above, FARIMA models come from ARMA models. Since there are several known ways for fitting ARMA models, we can take advantage of this by transferring the FARIMA problem to an ARMA problem. For a given time series X_t, we can obtain from (2-1) ,_t^d t X W Δ= (4-1)

where

.)()(^1_t t aB B W Θ Φ=^− (4-2)

4.1 Steps of Fitting Traffic

We propose a way to solve (4-1) and to obtain W_t.

That is, we use known methods to estimate the Hurst parameter H [7], and the level of differencing d = H - 0.5, then we do the fractional differencing as detailed in next paragraph. Using the known ways for fitting ARMA model [1], we can solve (4-2) and obtain model parameters ϕ_{1,} ϕ_{2,}� , ϕ_p, θ_1, θ_{2,}� , θ_q.

Here, we propose the following procedure to fit a FARIMA model to the traffic trace. Explanation is provided where necessary.

step 1: Pre-processing the measured traffic trace to get a zero-mean time series X_t : t = 1, 2,�

step 2: Obtaining an approximate value of d according to the relationship d = H - 0.5. The Hurst parameter H can be obtained using the known Hurst parameter estimates methods such as Variance-time plots, R/S analysis and periodogram-based method [7]. This is the rough estimation of d.

step 3: Doing fractional differencing on X_t. From (2- 1) we can get the precise expression , ) ( 0 0 ∑ ∑^∞_= − ∞

= = − = Δ= j jt j t k k t d t X X B k d X W π (4-3) where . ) 1() 1( ) 1( )1( j d j d j j −+Γ+Γ + Γ − = π In practice, from (4-3), we need the values of samples X_0,

X_{-1}, � , X_{-M}in back of the first sample (where M must be

sufficiently large). Using EX_t instead of them may cause larger error. We realized its approximation form using auxiliary AR model based �backward-prediction�. After fractional differencing on X_t, we obtain W_t[7].

step 4: Determining p and q using known ways for fitting ARMA models. We begin with several sets of p and q of models, and the value of p and q should be 0, 1, or 2 (p and q should not be 0 simultaneously in one set) because we found that p and q of fitted traffic FARIMA models are usually small. Then, we determine the best (p, q) combination according to the model identification and diagnostic checking. If no suitable combination is found, we will increase p and q then repeat above steps.

Step 5: Estimating parameters. After we determine the order p and q of the fitted model, we can get all parameters ϕ_1, ϕ_{2,} � , ϕ_p, θ_1, θ_{2,} � , θ_q, and σ^2 by using parameter estimation [8]. This step is called the accurate estimation of parameters. Finally, we get the fitted FARIMA(p,d,q) model as form (2-1).

4.2 Verification Experiments

The key step of the above procedure for fitting a

FARIMA model is the fractional differencing. So we did some experiments to verify if the fractional differencing step can remove long-range dependence, i.e., reduce d to close to zero.

In the first experiment, we generated the

FARIMA(0,d,0) traces for five parameters (d = 0.1, 0.2,

0.3, 0.4, 0.45) using the direct definition method as introduced in Section 3. After fractional differencing on these traces, we estimated their Hurst parameters using the periodgram-based analysis. The results are shown in

Table 1. We found that after fractional differencing, the

Hurst parameters are near 0.5 (0.51 - 0.54), and the parameters d are near zero (0.01 - 0.04). There is almost no long-range dependence (self-similarity) after fractional differencing.

We also studied a Bellcore trace pAug.TL to verify that the fractional differencing can remove long-range dependence. We got a data set which has 2000 samples, and each sample represents the arrival packet number during 0.01 second interval. We did Hurst parameter estimates for the trace pAug.TL and got H = 0.8, d = 0.3.

Figure 1 and Figure 2 showed the autocorrelation function and spectral density of pAug.TL before and after fractional differencing respectively. After the fractional differencing, the parameter d decreased to 0.03 (near zero). We found that the autocorralation function decayed faster with the lag increase after the fractional differencing. In self-similar processes the low-frequency part is characteristic for a power-law behavior of the spectral density around zero, but the above behavior disappear after the fractional differencing. Therefore, the experiments verified that the fractional differencing significantly took off long-range dependence as we expected [9].

5. FEASIBILITY STUDY

In order to study the feasibility of FARIMA model based modeling, we build the FARIMA models for four real traffic traces, use some experiments to verify the fitted FARIMA model and compare the FARIMA model with other models. The possibility to simplify the

FARIMA model based modeling is discussed here also.

5.1 Constructing FARIMA Models for Actual Traffic

In order to study the FARIMA-based traffic modeling, we have carried out some study on the measured traffic traces obtained from inside and outside

China. We have two traces (C1003 and C1008) from

CERNET (the Chinese Education and Research Network)

center. The two traces were conducted on an Ethernet cable at the CERNET center, which carried all traffic to and from the Internet of China. We also have two traces

(pAug.TL and pOct.TL) from Bellcore Lab [2].

In the experiment, we preprocessed the measured traces to get four data sets. Each data set has 2000 samples, and each sample represents the arrival packet number during 0.01 second interval. We used the procedure proposed in Section 4 to fit FARIMA models to the four data sets. The four fitted FARIMA models are given in Table 2. The FARIMA models of the four traffic traces showed that these traffic traces exhibit both longrange and short-range dependence because their d ≠ 0, and p, q ≠ 0 simultaneously.

5.2 Experiments to Verify the Derived FARIMA

Models

Here, we use the traces to verify that the fitted

FARIMA model can describe the dependence structure of the actual traffic trace. For example, Figure 3 shows the autocorrelation functions of the trace pAug.TL and its fitted FARIMA model. We found that the two curves are very close in both long range and short range. Therefore, the experiment verified that FARIMA models can simultaneously model the long-range and short-range dependent behavior of actual traffic.

5.3 Experiments to Compare with Other Models

We also did some experiments for comparing

FARIMA model with other models such as ARIMA, AR and FGN. Here, we fitted the FARIMA, ARIMA, AR and

FGN models to the trace pAug.TL. The four fitted models for pAug.TL are in Table 3.

Figures 3 to 6 show the autocorrelation functions of the fitted FARIMA, ARIMA, AR and FGN models of the trace pAug.TL respectively. As can be seen, the FGN model can’t have a good fit of the autocorraltion function with actual trace at the short range, and AR model can’t have a good fit at the long range. For both short and long ranges, the FARIMA and ARIMA models can have a good fit, but in comparison, the ARIMA model would need more parameters.

Table 4 shows the MSE (Mean-Squared Errors) [7] of the fitted models of the trace pAug.TL. Based on the results in Table 4, we observe that the FARIMA model has the lowest (best) MSE value, followed in order by the

ARIMA, AR and FGN models.

5.4 Simplification Methods

Although FARIMA models have several advantages, one drawback appears to be the high computational

complexity and the long procedure involved. In our experiments, we found that the order (p,q) of the fitted FARIMA model for an actual measured trace usually remains fixed for some time. This interesting finding suggests a method to simplify the modeling procedure, and this will make it more easy to implement the modeling procedure.

As an example, we studied the measured trace pAug.TL. The length of the trace is 100 seconds, and it has 10,000 samples, each representing packet arrivals during 0.01 second. Then we divide the trace to five data sets, Aug1 to Aug5, each with 2000 samples. We fit a FARIMA model to each data set. The five fitted FARIMA models are given in Table 5. Observe that the order of the five FARIMA models are constant at p = 1 and q = 1. This phenomenon implies that it is not necessary to do model identification and diagnostic checking for the trace pAug.TL in 100 seconds. We have the similar observations from other experiments that the (p,q) values may not change during long periods. So it is possible to simplify the FARIMA model fitting procedure and reduce the time for the FARIMA model based traffic modeling.

6. CONCLUSIONS

In this paper, we have studied how to fit FARIMA models to measured traffic traces. Our experiments showed that the FARIMA model is a good traffic model and is capable of capturing the properties of real traffic; this is because the FARIMA processes are much more flexible and capable of simultaneously modeling both the long-range and the short-range dependent behavior of a time series. Compared with other short-range dependent processes such as ARMA models, less parameters are required by the FARIMA models. Compared with other long-range dependent processes such as FGN models and FARIMA(0,d,0) models, FARIMA(p,d,q) models are more superior in their capability.

We also show that it is possible to simplify the fitting procedure. Consequently, one can reduce the time to build traffic models and do real-time modeling.

Future work includes applying FARIMA models in network design, management, traffic prediction and measurement-based network control.

ACKNOWLEDGMENTS

This research was supported in part by the National Natural Science Foundation of China (NSFC) under grant No. 69672031, and the Natural Sciences and Engineering

Research Council of Canada (NSERC) under grant No.OGP0042878

REFERENCES

[1]. G. Box and G. Jenkins, Time series: Forecasting and control, revised ed., San Francisco: Holden-day,1976.

[2]. W. Leland, et al., �On the self-similar nature of Ethernet traffic (extended version),� IEEE/ACM Transactions on Networking, vol. 2, no. 1, pp. 1-15, 1994.

[3]. B.B. Mandelbrot and J.W. Van Ness, �Fractional Brownian motions, factional noises and applications,� SIAM Review., vol. 10, pp. 422-437, 1968.

[4]. J.R.M. Hosking, �Fractional differencing,� Biometrika, vol. 68, pp. 165-176, 1981.

[5]. D.P. Heyman and T.V. Lakshman, �What are the implications of long-range dependence for VBR-video traffic engineering?� IEEE/ACM Transactions on Networking, 1996.

[6]. P.R. Jelenlnovic, et al. �The effect of multiple time scales and subexponentiality in MPEG video streams on queueing behavior,� IEEE Journal on Selected Area of Communications, vol. 15, 1997.

[7]. F. Xue, �Modeling analysis and performance evaluation for self-similar network traffic.� PhD. Dissertation, Tianjin University, June 1998.

[8]. J.H. Xu, et al., �Space-time modeling with longmemory dependence: Assessing Ireland�s Wind Power Resource,� Applied Statistics, vol. 38, no. 1, pp. 1-50, 1989.

[9]. F. Xue, Y.T. Shu, et al. �Analysis of self-similarity and queueing performance for CERNET traffic,� Proceedings of 4th CERNET Academic Conference, 1997.

Table 1: H and d of generated FARIMA(0,d,0) and after fractional differencing FARIMA(0,d,0)

Definition algorithm

Hosking algorithm after fractional differencing target parameter d H� d� H� d� H� d� 0.1 0.614 0.114 0.613 0.113 0.521 0.021 0.2 0.721 0.221 0.714 0.214 0.540 0.040 0.3 0.819 0.319 0.821 0.321 0.537 0.037 0.4 0.924 0.424 0.911 0.411 0.544 0.044 0.45 0.961 0.461 0.966 0.466 0.543 0.043

Table 2: Fitted FARIMA models of CERNET and Bellcore traces FARIMA(p,d,q) model parameters trace

p ϕ_1 d q θ_1 PAug.TL 1 -0.1714523 0.2949911 1 -0.3738780 pOct.TL 1 -0.1511854 0.2520007 1 -0.2518229 C1003 1 0.3040983 0.1978055 0 C1008 1 -0.0439937 0.1834420 0

Table 3: Fitted FARIMA, ARIMA, AR, FGN of pAug.TL model parameters

FARIMA(1,d,1) ϕ^1=-0.1714523, d = 0.2940911, θ^1=-0.373878

ARIMA(10,1,0) ϕ^1=-0.4736030, ϕ^2=-0.4879495, ϕ^3=-0.3929721 ϕ^4=-0.2892086, ϕ^5=-0.2043307, ϕ^6=-0.2398785 ϕ^7=-0.1701698, ϕ^8=-0.1083781, ϕ^9=-0.0693743 ϕ^{10}=-0.0394189

AR(8) ϕ^1=0.4840741, ϕ^2= -0.0335644, ϕ^3=0.0692946 ϕ^4=0.0813773, ϕ^5=0.0663615, ϕ^6=-0.0509957 ϕ^7=0.0478156, ϕ^8=0.0471420

FGN H=0.8, Mean=3.8995, Variance=7.357078

Table 4: MSE values model MSE value

FARIMA(1,d,1) 0.0006031

ARIMA(10,1,0) 0.0011448

AR(8) 0.0026151

FGN 0.0398209

Table 5: Fitted FARIMA models of five data sets of trace pAug.TL

FARIMA(p,d,q) model parameters

Data set p ϕ^1 d q θ^1

Aug1 1 -0.1714523 0.2949911 1 -0.373878

Aug2 1 -0.1143173 0.2783244 1 -0.305762

Aug3 1 -0.1853628 0.3515382 1 -0.329502

Aug4 1 -0.1763141 0.2813467 1 -0.306262

Aug5 1 -0.1599587 0.2995875 1 -0.280055

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

1 11 21 31 41 51 61 Lag

A C F

pAug. TL after F-dif

0 60 50 40 30 20 10 Figure 1: ACF of pAug.TL before and after fractional differencing

-2 0 2 4 6 8 10 12 14 16 18 20

1 201 401 601 801 1001

Frequency

10 * lg ( S pe ct ru m )

pAug. TL after F-dif

0.0 0.5 0.4 0.3 0.2 0.1 Figure 2: Spectrum of pAug.TL before and after fractional differencing

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 11 21 31 41 51 61 Lag

A C F

pAug.TL

FARIMA

0 50 40 30 20 10 60

Figure 3: ACF of pAug.TL and its FARIMA model

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 11 21 31 41 51 61 Lag

A C F

pAug.TL

ARIMA

0 50 40 30 20 10 60

Figure 4: ACF of pAug.TL and its ARIMA model

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 6 11 16 21 26 31 36 41 46 51 56 61

Lag

A C F

pAug.TL AR

0 50 40 30 20 10 60

Figure 5: ACF of pAug.TL and its AR model

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 6 11 16 21 26 31 36 41 46 51 56 61

Lag

A C F

pAug.TL FGN

0 50 40 30 20 10 60

0.

Figure 6: ACF of pAug.TL and its FGN model